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Abstract 
Magnetic excitation spectra, measured by inelastic neutron scattering, 
and single-crystal magnetization curves of rare-ear th Al„ compounds are 
analysed using a Hamiltonian including 4th and 6th order crystal field terms 
and an isotropic exchange interaction between the magnetic ions. 
The magnetic excitations - "excitons" - are transitions between single-
-ion. atomic levels propagating through the lattice via the exchange inter-
action. In NdAl« dispersion relations of excited mean-field states are de -
scribed for the first time. A double peak structure in the neutron spectrum 
of TbAl2 is interpreted as a new effect: the magnon- exciton interaction. To 
calculate the excitation energies a Green's function theory was evaluated. 
A detailed microscopic description of the magnetic anisotropy of NdAlg. 
PrAl„, TbAl«, and ErAl„is given in terms of two temperature and field in-
dependent crystal field parameters by means of a two-dimensional mean-field 
theory. The crystal field parameters are shown to behave systematically 
throughout the entire r a re earth AU ser ies , indicating that the effective 
- charge distribution around the magnetic ions is independent of the particular 
r a r e earth constituent. 
This report is submitted to the Technical University, Lyngby, in partial 
fulfilment of the requirements for obtaining the Ph.D (lie. tech) degree. 
- 3 -
CONTENTS 
Page 
1. Introduction 5 
2. Crystal Field and Exchange Interactions 8 
2.1. Crystal Field Interactions 8 
2.2. Magnetic Interactions 9 
3. Magnetic Excitations in NdAl 2 and TbAl« 10 
3.1. Dispersion Relations for Magnetic Excitons in 12 
NdAl 2 
3.2. Magnon-exciton Interaction in TbAl ? 18 
4. Magnetization and Heat Capacity 25 
U.1. Two-dimensional Mean-field Theory 2 5 
«*.2. NdAl ? - a Kramer's Doublet Ground State System ... 28 
U.3. PrAl 2 - a Non-magnetic-doublet Ground State System 30 
U.U. TbAl 2 - a Singlet Ground State System 3U 
»4.5. ErAl 2 38 
»•.6. Heat Capacity of NdAl 2 and PrAl2 38 
5. Discussion ^1 
5.1. Comparison of Crystal Field Parameters ^2 
5.2. Comparison of Exchange Parameters 48 
5.3. Conclusion W 
Acknowledgements 49 
References 50 
Appendix A. Green's Function Theory for Magnetic Exci-
tations in Systems with Arbitrary Crystal Field 
Level Schemes 53 
A.l. Green's Function Theory for Magnetic Excitations 
in a Bravais Lattice 53 
A.2. Excitations in Systems with two Magnetic Ions per 
Unit Cell 59 

- 5 -
INTF0DUCTION 
Magnetic properties of the REAl^ (RE = Pare Earth) inter-
metallic compounds have been studied intensively during the last 
ten years. Of all the rare earth intermetallics they have received 
the greatest attention. All of the lanthanides combine with alu-
minum to form this compound. The structure is the so-called cubic 
Laves phase structure (figure 1), named after the Swiss crystallo-
grapher,who performed wcrk on the prototype compound MgCu~. How-
ever, the existence of the entire REA1- series was not established 
1) 
until two decades later in the work of Wernick and Geller . Mag-
netization * , and neutron diffraction measurements ' * veri-
fied that the compounds order magnetically and, with the exception 
of TuAl2 and CeAl«, form ferromagnets. The essential magnetic 
properties are given in table 1. Measurements of the paramagnetic 
ed 
8) 
27 71 
Al Knight shift ' led to useful information about the conduction 
electron polarization 
The REA1~ compounds are particularly well suited foi both 
theoretical calculations and experiments. The local symmetry of 
3+ the magnetic RE ions is cubic, which simplifies the analyses 
ftE 
O Al 
Fig. 1. The REAlj unit cel l (MgCu* structure). 
Table 1 
Magnetic characteristics of REA12 compounds 
Compound 
CeAl2 
P r A l 2 
NdAl2 
TbAl 2 
ErAl« 
F r e e ion 
ground s t a t e 
*5 /2 
\ 
x 9 / 2 
4 1 5 / 2 
gJ 
2 .14 
3 .20 
3 .28 
9 .00 
9 .00 
Type 
antlf. 
ferro 
ferro 
ferro 
ferro 
MoW 
2 . 6 2 , 2.94, 2.88 
2 . 2 7 , 2.5 
8 . 6 , 8.95 
8 # 3 > 8 • 8 j 7,6 
TC(K) 
3 
34 
6 5 , 77 
1 2 1 , 105 
14 
R e f e r e n c e s 
10) 
1 0 , b , 6) 
1 0 , 4 , 9) 
1 0 , 11) 
1 0 , 5 , 12) 
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Most of the material in this work has been published pre-
viously in collaboration with H.-G. Purwins, J.G. Houmann, E. 
Walker, B. Barbara and M.F. Rossignol. For a more extensive treat-
ment of the subjects in this report the reader is referred to the 
original articles. 
2. CRYSTAL FIELD AND EXCHANGE INTERACTIONS 
The magnetic properties of the rare earth compounds are 
determined by the combined effects of the magnetic interactions 
between the rare earth ions and the influence on the magnetic 
ions from the local surroundings in the lattice, the crystal field 
interaction. Experiments show, as will be evident in the chapters 
to follow, that these two effects are of the same order of magni-
tude for tr.° REA19 compounds. In this chapter we shall briefly 
discuss the fundamental interactions and set up a simple model-
Hamiltonian, which we shall use both to describe the bulk magnetic 
properties and the magnetic excitations. 
2.1. Crystal Field Interactions 
The ground state of the free rare earth ions is separated 
several thousands of degrees from the spin-orbit excited multi-
plets. The splittings due to crystal field end exchange inter-
action effects, when the icn is situated in the REA1« lattice, 
are much smaller. Hence we ignore the excited J-manyfolds and 
confine curselves to the ground state J-multiplet (see table 1). 
For a rare earth ion with cubic surroundings the most general 
operator describing any single ion interaction inside a manyfold 
of given J is 
*cr s V°5 + 5 0 4 ) + B6(06 - 21 °6} "'^ 
0m are Stevens operators as given by Abragam and Bleaney . B^ 
and Bg are crystal field parameters. One may think of this Hamil-
tonian as describing the Coulomb interaction with the electrostatic 
charges set up by the ions in the environment. The number of par-
ameters is reduced to two as a result of the high symmetry. This 
is the great advantage of working with compounds with cubi sym-
metry around the magnetic ions. The Hamiltonian gives rise to a 
- 9 -
splitting of the groud state multiplet as described for example 
by Lea, Leask and Wolf . The ions are distributed among the 
states according to Bolzmann statistics, the population of the 
states varying with temperature. These variations affect the 
magnetic and thermal properties significantly as will be shown 
in the ensuing chapters. 
In the present work we deal with three fundamentally different 
rare earth systems: 
1) TbAl?: A singlet-triplet system, 
2) NdAl : A Kramers doublet ground state system, 
3) PrAl2: A non-magnetic, orbital degenerate, doublet ground 
state system. 
The crystal field level scheme may be determined directly by in-
elastic neutron scattering in the paramagnetic phase, provided 
the exchange interaction is comparatively low, or by measuring 
on diluted samples such as RE La,,_ \A10. In this work the 
crystal field parameters are determined by analysing magnetic 
excitation spectra in the ordered temperature range and single 
-crystal magnetization curves. 
2.2. Magnetic Interactions 
The formation of magnetic structures implies the existence 
of magnetic interactions between the rare earth ions. The tem-
peratures at which the magnetic ordering occurs for the REA12 
compounds (table 1) exclude the possibility that the dipole inter-
action is dominant. Furthermore the rare earth sites are well 
separated. The overlap between orbitals centered on adjacent atoms 
therefore is very small or negligible, and hence direct exchange 
can be ruled out too. It is generally assumed that metallic rare 
earth systems can be represented by an assembly of magnetic RE 
-ions imbedded in a sea of conduction electrons. The particular 
mechanism involved is the indirect exchange interaction via the 
conduction electrons. The exchange interaction between the con-
duction electrons (s) and the U-f electrons (S) may be written 
•"'sf sf 
where r
 f is the sf exchange integral. By means of this interaction 
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a rare earth ion with spin S sets up a long-range, oscillating 
spin density of the conduction electrons. A second magnetic ion 
couples to this spin density wave. This indirect coupling via the 
conduction electrons is referred to as the RKKY interaction ' 
The strength of the coupling depends en the amplitude and sign of 
the spin density at the second magnetic ion. To a first order 
approximation, using the free electron model of the conduction 
electrons, the effective coupling between ions i and j may be 
written as an isotropic Heisenberg exchange interaction term: 
j, = I (r.-r.) S.-$. (2'3) 
<£ex x i 3 i ] 
Within the ground state multiplet the spin can be projected on to 
the angular momentum: 
K =2(r.-r.) 3.-J. <*.4) 
where 
7(VV = <g_1)2 I ( W 
and g is the Lande factor. 
7 } Jaccarino et al. have been able to determine both the 
magnitude and signs of the conduction electron polarization at 
the rare earth site in a number of the Al2-compounds using nuclear 
and paramagnetic resonance technique. 
The NMR measurements >19), together with analysis of Curie 
temperatures and magnetization of ternary REx^Y>La^(x-x)A12 com~ 
pounds , provide substantial support for the RKKY coupling mech -
18) 
anism. However, recent measurements indicate the existence of 
a small anisotropic s-f interaction. 
3. MAGNETIC EXCITATIONS IN TbAl? AND NdAl2 
The spontaneous magnetic moments of most of the PeAl2 com-
pounds are in general lower than the free ion moments (table 1). 
The crystal field is thus strong enough to produce considerable 
quenching, and therefore it is expected also to have strong effects 
on the magnetic excitation spectra. In particular we expect large 
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crystal field effects in the compounds NdAl? and PrAl? where the 
moment reduction is comparatively large. The magnetic excitations 
- "excitons" - in such systems are transitions between crystal 
field or mean-field single-ion levels, propagating through the 
lattice via the exchange interaction between the magnetic ions. 
Above the Curie temperature the excitations are essentially 
transitions between the Stark-split crystal field levels of the 
ground state J-multiplet with dispersion due to the exchange 
interaction. Below T the excitations can be described as tran-
sitions between combined crystal field and mean-field levels. 
The dispersion relations for these excitations can in prin-
ciple be measured by inelastic neutron scattering. For the com-
pounds (such as PrAl- and NdAl«) where crystal field and exchange 
energies are comparable, an analysis of the exciton spectra may 
yield both the crystal field parameters describing the local 
interactions on the magnetic ions from the cubic surroundings, 
and the wavevector dependence of the exchange interaction between 
the rare earth ions. In the other compounds (such as TbAl?), 
where the quenching is low and the Curie temperature T compara-
tively high, simple spinwaves with an energy-gap (for q = 0) due 
to the crystal field and anisotropic exchange interaction are 
expected. Previous neutron diffraction measurements of the low 
20) temperature magnetic excitations in TbAl« confirm this picture 
In this case a determination of the crystal-field parameters from 
the dispersion curves is difficult. A more precise determination 
can be obtained from single crystal magnetization curves (see 
section H), or from inelastic neutron scattering on diluted 
n 15) samples 
Appendix A presents a Green's function theory for the magnetic 
excitons in a system with arbitrary crystal field levels and two 
-ion interactions. In the low-temperature limit the theory includes 
the usual spinwave theory and Grover's theory21' for magnetic ex-
citons. 
In section 3.2 the theory is used to interpret the tem-
perature dependence of the exciton spectrum of TbAl2» At elevated 
temperatures inelastic neutron scattering measurements show a 
double peak structure in the scattered neutron intensity. This 
splitting of the spinwave branch is interpreted as an interaction 
between the spinwaves and the excitations associated with higher 
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lying magnetic states, a "magnon-exciton interaction". This is 
the first observation and theoretical interpretation of an inter-
action of this kind. In 3.1 the exciton spectrum of NdAl2 is 
analysed. This is the first analysis of the magnetic excitation 
spectrum in a rare earth ferromagnet showing dispersion of excited 
mean-field levels. 
3.1. Dispersion Relations for Magnetic Excitons in NdAl2 
NdAl9 is an example of a magnetic system in which the crystal 
field and exchange energies are of the same order of magnitude. 
The easy and hard directions of magnetization are <100> and <111> 
respectively and the spontaneous magnetic moment at 4.2 K is 
2.5 ± 0.1 pD compared to the free ion value 3.2 7 uR of the 
I g / 2 multiplet of the Nd ion. 
The magnetic excitation spectrum at 5 K was measured at Risø 
by means of inelastic neutron scattering" . The measurements were 
performed on a triple axis spectrometer at the DR 3 reactor at 
Risø using a large single crystal of NdAl2 produced by the Czoch-
ralski method22 \ This allowed us to determine the dispersion 
relations for the magnetic exciton branches over the whole Bril-
louin zone. We were thus not restricted to measuring spherically 
averaged dispersion relations as was the case for previous measure-
ments on powder samples of rare earth compounds. The measurements 
were carried out around the [ 111] [200 ] and [ '20 ] reciprocal lat-
tice points for momentum transfer in the <110>' direction. 
In NdAl„ there are two magnetic ions per unit cell, so that 
the excitation spectrum can be separated into optical and acoustic 
branches (appendix A). For momentum transfer in the <110> direction 
the magnetic structure factor is (1 ± cosd-p)), where T is the 
reciprocal lattice vector and p is the vector joining an ion in 
one sublattice to its nearest neighbour in the other sublattice. 
For NdAl„ p = a * (^  -^ ^ ) . The plus and minus signs are valid for 
the acoustic and optical modes respectively. For T = — * ; 2 2 0 ] 
a 
the optical modes therefore have zero structure factor wheieas 
the acoustic modes are unobservable for T = — * [2 0 0]. Around 
[ i l l ] the two structure factors are equal. We are thereby able 
to distinguish between optical and acoustic modes. The experimental 
results are given in fig. 2. Two well-resolved low-lying exci-
tation branches were observed, one acoustic and one optical. It was 
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Fig. 2. (a) Dispersion relations for magnetic excitons in NdAl. 
for momentum transfer in the <110> direction. The full lines are 
a theoretical fit to the experimental results obtained as explained 
in the text, (b) The form of ^ (q) and y<q) in the <110> direction 
deduced from the fit. Broken line: corresponding curves for TbAl_. 
TO: Transverse optical branches; TA: Transverse acoustic branches; 
LO: Longitudinal optical branch; LA: Longitudinal acoustic branch. 
-1 not possible to resolve the acoustic branch below q = 0.2 Å . 
At higher energies we observed a band of scattered neutron in-
tensity which is completely resolved into two peaks only near 
the zone boundary. Near the zone centre we could resolve one 
acoustic branch,whereas no optical branch could be observed in 
this energy region for instrumental reasons. The existence of 
three well-defined excitations at the zone boundary, where the 
optical and acoustic modes are degenerate, implies six exciton 
modes for a general point of the Brillouin zone. 
The Hamiltonian for the Nd ions is written as the sum of 
crystalline electric field and isotropic Heisenberg exchange 
inxaraction terms. Regrouping these terms into a single-ion term 
Jf. including the crystal field and the molecular field part of 
the exchange term, and a two-ion term f^« we obtain 
<Jt = dt _ + df- * (3.1) 
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where 
*1 = I K ( C 4 i + 5 °Ui) + V°5i * 2 1 °6i ) 
- 2(^(5 = C) • jf'Cq = 0 ) ) <JZ> J\) 
* N<7(q = 0) • }'iq -- 0 ) ) <JZ>2 ( 3 . 2 ) 
•* = y 1 . . i - - ! - , 3 . = J . - <WT2> ?„ ( 3 - 3 ) 
* 2 4 . f i -. -1 J i' J i i z 
13 J 
The quantization axis has been chosen along the easy direction 
(<1G0>). jf(q) and /-* (q) are respectively the Fourier transforms 
of the exchangeinteraction } ^ within one sublattice and between 
the two sublattices. £ is a unit vector along this direction. 
The analysis of the excitation spectrum proceeds as follows. 
For a number of different values for B^ and Bg the single 
ion,crystal-field-only isothermal susceptibility X0<T) is cal-
culated at the Curie temperature 65 K by means of equation (4.17) 
At this temperature the inverse susceptibility l/x(T) approaches 
zero. Using the formula 
I/XCT) = 1/X (T) - iift°> + / ( Q - ^ (3.4) 
g H B 
the mean-field constant 2(jf(0) + /'(O)) is chosen such that the 
theoretical transition temperature is in agreement with exper-
iment. As the next step,3fc. is diagonalized seif-consistently as 
a function of temperature to deduce the molecular field, H M„, 
the single ion wavefunctions; jn>,and the energy levels E . The 
excitation spectrum is calculated in the RFA-approximation, taking 
into account all 10 single ion levels using the theory presented 
in appendix A. The energies are the roots of the characteristic 
determinant (A.IS;. For the acoustic branches, J^(q) is replaced 
byJMq) • I}' (q)| and for the optical branches ^(q) is replaced 
by "}(& ~ I ^ f Cq) | • The magnetic structure factor (1 ± cos(i'p+$)) 
must be taken into account in this case. <J> is a phase angle deter-
mined by jf'(q) = [ 7* (q)| exp(i<J>). For q in the <110> direction, 
$ is equal to zero. For rare earth ions in a cubic environment, 
at least two of the matrix elements <n|j+|m>, <n|j~|m>, and 
<n|J |m> are zero. This means that the equations ( \.18) deter-
mining the exciton dispersion relatione can be separated into two 
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set of equations. One set involves matrix elements of J+ and J~ 
only. The excitation branches determined by this part of the 
linear system of equations are denoted transverse. The other set 
of equations> involving matrix elements of Jz only, determines 
the longitudinal excitations. At zero temperature this approach 
is equivalent to the pseudo-Boson method introduced by Grover , 
and the many level spinwave theory of Buyers et al. used to 
24) interpret the exciton spectrum of TbSb . 
The neutron scattering cross section is proportional to the 
25 ) imaginary part of the dynamic susceptibility 
/-> dca ,-+ ,„ r, - , .„
 mNA-l |j^(q,o))'v(l-exp(-a)/kT))"i Im(Xzz(q,u>)+£ (X+~(q,w) + X~+(q,w))) (3.5) 
From eq. (A.21) it is readily seen that the poles of the longitudi-
z z •*• 
nal susceptibility x (q^), and the transverse susceptibility, 
£(X (q,w) + x" (q5(1))),are the longitudinal and transverse ex-
citation energies, respectively. The intensities can thus be cal-
culated from the residues of the dynamic susceptibility, which 
can be calculated as a sum of Green's functions (A.21), or di-
rectly from (A.22). The Fourier transformed exchange interaction 
JKq) ± j^ ' (q) is determined for q ¥* (J by fitting the calculated 
dispersion relations to the two low-lying branches. By an iter-
ation process Bu and B~ are determined as the parameters giving 
the best agreement with the upper branches. We find: 
B,. = -1.0 x io~3 meV, B„ = 4.0 * 10"5 meV 
4  6  
*}(q) and 71(q) are given in figure 2b. Figure 3 shows the 
single-ion level scheme as a function of the internal molecular 
field. The crystal-field-only scheme has a doublet, rfi, as the 
(1) (2) ground state and two quartets, T\ and rg , as excited states. 
In the exchange field, the degeneracy of these states is lifted 
and the crystal field wavefunctions are mixed. The energies and 
the wavefunctions of the crystal field states and the mean-field 
states at 5 K are given in the diagrams in figures 1C an^ 19. 
The mean-field states are denoted |l>,|2> |10> ordered 
according to increasing energy. The magnetic moment of the MF 
ground state |1> is 2.6 u„,in excellent agreement with the ex-
4) perimental value 2.5 ± 0.1 ug 
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Fig. 3. Single-ion level scheme of NdAl? as a function of mole-
cular field. The vertical line indicates the actual molecular field 
630 kOe obtained by the self-consistent diagonalization of «L-
The most important matrix elements creating excitations be-
tween the levels at low temperatures are 
<2|J |1> = 3.25 
<5|J+|1> = 2.28 
<6|Jz|l> = -1.71 
The first two matrix elements give rise to two optical and two 
acoustic transverse modes. The last matrix element creates two 
longitudinal branches. Corresponding acoustic and optical branches 
are degenerate at the zone boundary due to symmetry. The calculated 
dispersion relations are shown as solid lines in figure 2a. 
The two lowest excitation branches are of transverse type 
originating mainly from the matrix element <2|j"|l> between the 
ground state, |1>, and the other state, |2>, associated with the 
doublet crystal field state. Since the corresponding wavefunctions 
are approximately |J,J-1> and |J,J> these branches correspond to 
ordinary spin waves in magnetic systems with strong single ion 
anisotropy. The remaining four exciton branches of transverse and 
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longitudinal character are associated with transitions between 
the ground state and excited states originating from the rj1^ 
quartet. Matrix elements between the ground state and the higher 
states are much smaller, and consequently the excitations associ-
ated with these states could not be observed in the experiment. 
The qualitative features of the exciton spectrum are only slightly 
dependent on the crystal field parameters. For essentially all 
reasonable values of B^ and B_ the theoretical spectrum consists 
of six strong modes. To our knowledge this is the first time that 
excited mean-field states have been observed. The excitons seem 
to be rather well defined, especially around q - 0 and the zone 
boundary. Near the zone centre, dispersion of the mean field 
levels is clearly demonstrated. The present analysis shows that 
the effective Weiss-field is not merely an artificial phenomeno-
logical device to explain magnetic ordering, but indeed acts as 
a real magnetic field, creating observable single-ion levels. 
The deviations from the mean-field theory just give rise to a 
relatively small q-dependence of the energy. 
The magnetic excitation spectrum of NdAl? at 5.3 K can thus 
be well understood using a Hamiltonian including crystal field 
and isotropic exchange interaction terms. In view of the sim-
plicity of the Hamiltonian (anisotropic exchange and magneto-
elastic effects are neglected) the agreement between experiment 
and theory is remarkably good. However, further measurements 
are planned to obtain more detailed experimental information. 
In particular one may hope to be able to measure the dispersion 
of the pure crystal field transitions in the paramagnetic regime 
and thus determine the crystal field and exchange parameters in 
an independent way. Furthermore a better resolution of the upper 
exciton branches should be possible. In chapter 4 it will be 
shown that magnetization measurements provide strong support for 
the crystal field parameters extracted from the exciton dispersion 
curves. 
The Fourier transformed exchange interactions, J'(q) and 
JP (q) are shown together with the corresponding values for TbAl9 
20) . • determined from ordinary spinwave dispersion curves in figure 
2. The similarity between the interactions in the two compounds 
is rather striking. Assuming simple RKKY exchange interaction 
between the magnetic ions one should expect Jf(q) and ^'(q) to be 
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2 „__ „„a*
 a n d T b3* 
1 
proportional to the de Genres factor Cg-1) • For Nd' 
one finds 
(gT* " " ' , 3.36 » 1 (3'6) ! 
% d " X ) ! 
The similarity between both the shapes and the magnitudes of the 
curves implies that the interaction between the magnetic ions 
acts effectively as an 3-3 interaction rather than the §•§ inter-
action given by the RKKY theory. Hence there is no doubt that ^ 
orbital contributions to the exchange interaction are important . 
3.2. Magnon-excitor. interaction in TbAl^ 
It has been pointed out27) that in the paramagnetic region 
magnetic excitations from the ground state of a lattice of rare 
earth ions can interact with excitations between excited magnetic 
states with very low population, provided that the energies of 
the non-interacting excitations are comparable. This interaction 
leads to splittings of the magnetic exciton branches which can 
in principle be observed by inelastic neutron scattering. In this 
section it is shown that a splitting of the same nature can occur 
also in the ordered phase. This is the first observation and 
theoretical interpretation of an interaction of this kind. 
28) 
TbAl9 orders ferromagnetically belcw 105 K . The easy and 
hard directions of magnetization are <111> and <10C> respectively 
and the magnetic moment observed from low-temperature magnetiz-
11) 
aticn measurements has the free ion value of 9 yg . The Curie 
temperature is high compared with other PEAl^ compounds (table 1). 
Accordingly the quenching of the low temperature irontaneous mag-
netic mompnt is very small, and the magnetic excitations are ordinary 
spinwaves with an energy gap at q = 0 due tc crystal field ef-
fects. The magnon dispersion relations for both the acoustic and 
optical branches at 4.2 K have been reported recently205. However, 
we shall see that when the temperature is raised, the excitation 
spectrum behaves in a most unusual way. 
To investigate the temperature dependence of the spinwaves 
an inelastic neutron scattering experiment was carried out by 
30) Houmann et al. . The experiment was performed on a triple axis 
spectrometer at the DP 3 reactor at Risø. The constant q mode of 
operation was used. Some typical experimental results are shown 
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in fig. **. At 4.2 K a well-defined magnon peak at 1.58 raeV is 
observed. As the temperature is raised to about 35 K, a new peak 
arises in the neutron spectrum with lower energy than the orig-
inal magnon peak. The intensity of the new peak increases with 
increasing temperature while the intensity of the upper peak 
decreases. Above 60 K the low-energy peak, which has taken over 
most of the intensity, disappears into the background. Fig. 5 
shows the experimental points for all measured wavevector trans-
fers and temperatures. The striking feature of the experimental 
results is ths observed splitting of the original magnon branch 
into two branches at elevated temperatures. The behaviour, that 
one would have anticipated, was a simple renormalization of the 
29) 
magnon energies following a simple power law . We shall inter-
pret this double peak structure as an interaction between the 
magnon modes and a magnetic exciton originating from a transition 
between some higher-lying excited magnetic states. 
The strong interactions between the magnetic ions and the 
corresponding small quenching of the magnetic moment implies that 
the eigenfunctions of the magnetic ions are simple |J,Mj> states. 
The J' 
ions i and j has larg« 
whereas the matrix elements of Jz can be ignored. Only transverse 
7 J. part of the isotropic exchange interaction between the 
i and i has large matrix elements between neighbouring levels, 
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magnetic excitations (like spinwaves) are expected in this case. 
The crystal field part of the Hamiltonian acts as a perturbation 
shifting the mean-field levels without changing the wavefunctions 
substantially. The shift between the two lowest lying levels deter-
mines the energy gap associated with normal low-temperature spin-
waves. In general the temperature iependenc* of the lowest excited 
levels combined with a change in population of th^ ir.pan field levels 
gives rise to the temperature-renormalization of the spinwave 
energies and the energy gap. However, if the energy difference 
between two succeeding excited levels becomes comparable to the 
spinwave energy, the coupling between the corresponding excited 
state magnon (exciton) and the spinwaves via the two-ion matrix 
elements of the exchange interaction becomes important, i.e. an 
interaction between the modes takes place (see appendix 1). This res-
onance gives rise to a mixing of the magnon mode and the exciton mode 
and hence to the observed anti-crossing effects, analogous to the 
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magnon-phonon interaction, causing similar splittings of the 
32) 
magnon branches . However, in the latter case, the phonon re-
presents a transition from the Boson ground state of the lattice 
at low temperatures, and therefore the interaction can be observed 
even at 0 K. In the actual case the excited states corresponding 
to the exciton mode are not populated at low temperatures, and 
consequently there will be no interactions. However, when the 
temperature increases,the excited states become populated, and 
the interaction becomes possible. The temperature dependent popu-
lation factors of the excited states prohibit a direct observation 
of the transitions between these states', the excited states can 
thus only be observed through the magnon-exciton interaction. 
The qualitative physical picture described here can be con-
firmed quantitatively using the Green's function theory described 
in appendix A. The analysis, taking into account all 13 energy 
levels of the ground state J = 6 multiplet, involves only 3 par-
ameters . 
The Hamiltonian for the Tb ions is written as the sum of 
crystalline electric field and isotropic Heisenberg exchange 
terms. Regrouping these terms into a single ion term X. and a 
two-ion term 3t? w e obtain 
* = 3^ (3.7) 
where 
t 1 = I -(2/3) Bu (0°± - 20/7 oj.) 
+ (16/9) Bc (0°. + (35/7/4) 03,. + (77/8) 0^ .) b v 6 l bl bly 
-2(jf(q=0) + 7'(q = 0)) <Jz> Jzi 
+ N(}(q = 0) + \}'(q = 0)\) <J >2, 
(3.8) 
and 
3t 
v. » n Ji Ji i • = J • -
ID 
Jl 1 Z Z 
(3.9) 
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The quantization axis (z-direction) is taken along the direction 
of magnetization (<111>). 
}£, is diagonalized self-consis+ently as a function of tem-
perature to yield mean-field eigenfunctions and energies to serve 
as a basis for calculating the exciton spectrum. The calculations 
are carried out for a wide range of crystal field parameters B^ 
and B6, and exchange constants 5f*eff(0> = ? ( 0 ) + ?' (0)- However, 
it is not permissible to vary the parameters unrestricted to explain 
the magnon-exciton interaction. The macroscopic magnetic proper-
ties calculated on the basis of these parameters must be in agree-
ment with the following experimental facts: 
1) The easy direction of magnetization is the <111> direc-
. . 18) tion 
2 8) 
2) The Curie temperature T is 105 K . The mean-field 
transition temperature determined by #-, must correspond 
to this value. 
3) The low temperature spontaneous magnetic moment is near 
to the free-ion value 9 yR 
4) The spinwave energy gap at 0 K is 1.6 meV. 
These conditions impose severe restrictions on the parameters. 
In fact there is only very little freedom left to vary the par-
ameters to explain the detailed behaviour of the excitation spec-
trum as a function of temperature. 
The excitation energies are the roots of the secular 
determinant (A.18), including transitions between all 13 levels. 
The calculation is carried out for the acoustic modes determined 
by the sum of the Fourier transforms f(q) and (?'(q)| (section 
A.2). Matrix elements, weighed by the relevant population factors 
nn, which are more than two orders of magnitude smaller than the 
matrix element between the two lowest states, are ignored. The 
best agreement with experiment was obtained using the parameters 
Bu = 7.0 x io"4 meV 
Bg = 2.15 x io"6 meV 
?"'(0) + }(0) = 0.325 meV 
The mean-field energy levels at 50 K (HMF = 417 kOe) are shown 
in the diagram below. The most important "diagonal elements" in 
the determinant of (A. 18) correspond to the transitions marked by 
arrows. 
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0.95|2> - 0.29|5> + 0.13|-1> - 0.06|-4> 
0.90!3> - 0.20|6> + 0.38|0> - 0.08J 3> 
0.9|4> + 0.39|1> - 0.06|3> 
0-9515> + 0 . 30|2> - 0 . 0311> 
"Non-interacting energy gap" 
0.98 j 6> + 0 . 20|3> 
Mean field levels of TbAl2 at 5P K 
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The inelastic neutron scattering cress section is proportional 
- » • 
to the imaginary part of che dynamic susceptibility x(q>w) (3.5). Ir. 
the case of TbAl2 we get (x~ (q»w) ^  Q) 
^(5,0)) ^ {l-exp(-M)'1 Im(x+~(q\"> • X~+(q>*)) (3.10) 
The dynamical susceptibilities are determined directly from the 
Green's functions (A.21). The calculated energies of the modes 
with measurable neutron cross sections are given in fig. 5, 
together with the single-ion level scheme at 0 K. The parameters 
used in the calculation give a molecular field transition tem-
perature of 105 K and nearly pure J single ion states. We there-
fore denote these states by the corresponding J quantum number. 
Bu and Efi are of the same crder of magnitude as the parameters 
used to describe the magnetization data for TbAl2 (see section 4). 
They also give the correct easy and hard directions of magnetiz-
ation. At low temperatures the calculation shows only one acoustic 
excitation branch. This can be interpreted as an ordinary magnon 
branch with an energy gap, since it is mainly due to a | J> •*• |J-1> 
transition. As the temperature is raised the upper states become 
slightly populated. The renormalized magnon energy approaches and 
crosses the energy difference between the excited states \ 2> and 
|l>, so that an interaction between the [2> -*• \l> exciton and the 
magnon can take place. In the temperature range where the measure-
ments were carried out, the population of the excited states cor-
responding to the exciton is very small. Consequently the neutron 
scattering cross section for the exciton is at least two orders 
of magnitude smaller than that for the magnon. The experimental 
ratios between the intensities of the low-lying and the high 
-lying excitation is roughly 1 to t at 35 K and 1 to 1 at 45 K, 
compared with the theoretical prediction of 1 to 5.2 and 1 to 
1.3 respectively. At higher temperatures it was not possible to 
obtain a sufficiently accurate determination of the intensities 
to make such a comparison, however,it is obvious that the low 
-lying excitation is the most intense in agreement with theory. 
In view of the simplicity of the Kamiltonian used in the inter-
pretation (magnetostriction and possible anisotropic exchange 
have been ignored) the agreement between theory and experiment 
is remarkably good. 
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We conclude that interactions between magnetic excitations 
may occur if the energies of two modes are comparable. This res-
onance gives rise to additional peaks in the excitation spectrum, 
which can be directly measured by inelastic neutron scattering. 
This effect shows up in TbAl2 despite the fact thdc we are dealing 
with nearly pure J single ion states and that the excitations 
at low temperature can be described as ordinary magnons, with an 
energy gap due to the crystalline electric field. The effects 
that are observed in TbAl? may well occur in other rare earth 
substances and possibly explain certain discrepancies between 
experiments and the theory previously used to interpret them. 
It is planned to extend the measurements to larger q values. 
4. MAGNETIZATION AND HEAT CAPACITY 
The analysis of the magnetic excitation spectrum of NdAl„ 
and TbAl« has given us detailed information about the fundamental 
microscopic magnetic interactions in the REA12 compounds. Another 
source of information is measurements of the bulk magnetic proper-
ties, such as the spontaneous magnetization below T , the magnet-
ization in externally applied magnetic fields, the susceptibility, 
and the magnetic specific heat. 
In this chapter, single crystal magnetization curves of 
PrAl?, TbAl2, and ErAl2 will be analysed by means of a two-dimen-
sional mean-field theory, and crystal field parameters will be 
derived. Furthermore we shall show that the magnetic properties 
of NdAl2 can be understood using the crystal field parameters 
derived from the exciton spectrum in chapter 3. Finally theoreti-
cal heat capacities of NdAl„ and PrAl2 will be compared with ex-
periment. 
4.1. Two-Dimensional Mean-field Theory 
As usual we assume that the single-ion part of the Hamiltonian 
can be written 
*! = B4(0£ • 5 oj) + B6(0° - 21 0\) 
(4.1) 
-guB(É?e + f?MF)-J + \ AM2 
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The rr.ean f i e l d , HM_, obeys the s e l f - c o n s i s t e n c y e q u a t i o n : 
-t . -* , 2(?(c) + y^o) ) , u 9x 
g U B 
The coordinate axes have beer, chosen along the cube edges. A Zeeman 
terrr. originating from an applied magnetic field, $e, has been in-
^3) 35) 
Let us first consider the case (PrAl2" , KdAl2 ), where 
the easy direction of magnetization is along the <100> direction. 
r^ v. an pv+orrai rra£T^ o*i<-< fipv •«" n tViiq direction, the s e 1 f -con s i s t -
34) 
ent diagonalization cf JT, is carried out in the usual way . The 
direction of the magnetic moment remains in the <100> direction. 
When the external magnetic field is applied along other symmetry 
directions, the analysis is more complicated. As the field in-
creases from zero, the direction of the magnetic moment rotates 
from the <10C> direction towards the direction of the magnetic 
field. At the same time the quenching of the magnetic moment 
changes. Thus, the absolute value of the magnetization vector, 
|fi|, changes even at 0 K. This is a pure quantum-mechanical effect 
which invalidates a semiclassical analysis treating M as a classi-
cal vector with constant length. Instead we introduce a two-dimen-
sional mean-field theory. In the case where the external magnetic 
field is in the <I10> direction (figure 9a) the effective magnetic 
fields may be written 
(4.3) HZ 
HX 
= — + AMZ 
Si 
H 
Si 
(4.4) 
M a - f \l exp(- ^ ) I <r.|Ma|n> e x p ( - Jfi) (4.5) 
ln ' x ; n x* 
En is the energy of the n'th level. The magnetization along the 
external field is then 
M<11C> = j£ + M*_ 
sz n (4.6) 
The magnetization curve, yl<lx-> versus H , is calculated by diag-
onalizing (4.1) together with the two mean-field equations (4.3) 
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and (4.4) by an iteration process. A computer programme was written 
to carry out such calculations. The moment is implicitly assumed 
to be confined to the xz-plane. For an external magnetic field in 
the <111> direction the computations are facilitated by transform-
ing the Hamiltonian into a coordinate system where the x-axis is in 
the <110> direction (figure 9b) to avoid diagonalizing complex 
matrices involving Jy. This is easily carried out by rotating the 
Hamiltonian 45° around the quantization axis (z-axis). 
* . \ -- iyo° - 5 oj) • B6(0° + 21 0*) -gUB(SMF • i!.)-? (U.7) 
The self-consistency conditions are 
K 
Hz = -£
 + X Mz ^ 
S3 
H S3 
H X = - £ — • XMX (u.9) 
S3 
M<m> = MV7 + M! 
S3 S3 
In the case (TbAlj, ErAl«), where the easy direction is along 
the <111> direction,the calculations are most easily carried out 
in the coordinate system with the x-axis along a <110> direction, 
the corresponding Hamiltonian being (4.7). The xz-plane contains 
all the main symmetry directions (figure 9b). The corresponding 
mean-field equations are simply 
H z = HZ + AMZ (4.11) 
e 
H x = HX + XMX (4.12) 
e 
x z 
K and H are determined by the directions of the applied magnetic 
field. Again the self-consistent diagonalization is carried out on 
a computer using an iteration method. The present procedure allows 
us to determine the detailed behaviour of the quantum-mechanical 
magnetization vector M in an external magnetic field. The magnetiz-
ation curves can be calculated at all temperatures without intro-
ducing new phenomenological, temperature-dependent anisotropy par-
ameters . 
- 28 -
4.2. N d A l 2 - a Kramer's Doublet Ground State System 
The crystal field parameters B and B p and the mean-field 
constant X were determined in chapter 3 by analysing the exciton 
spectrum. Assuming that the Nd ions can be described by the 
Hamiltonian ( 4 . 1 ) , we are then in possession of all the parameters 
necessary to determine the bulk magnetic properties of NdAl~, such 
as magnetization, susceptibility, and magnetic specific heat. 
CD 
J. 
TEMPERATURE [K] 
Fig. 6. The theoretical spontaneous magnetization of NdAl in 
the <100> direction. The broken line is the Brillouin curve for 
J - 9/2. The experimental point was determined by neutron dif-
fraction . 
The spontaneous magnetic moment ( $ e = 0) is presented in figure 
6 as a function of temperature. At low temperatures the exchange 
field admixes the excited multiplets into the r £ ground state, 
raising the magnetic moment from the value 1.33 p B associated with 
the T 6 state to 2.60 Pg. This is in agreement with the value 
2.53 ± 0.1 v B observed by neutron diffraction* 0. The quenching of 
the free ion moment 3.2 7 y B can thus be explained as a pure crystal 
field effect. The magnetic moment was also measured as a function 
of temperature, but unfortunately the data were not quoted in the 
paper. 
Theoretical single crystal magnetization curves are shown in 
figure 7 together with experimental points at 4.2 K. The saturation 
moment at 4 K determined from the magnetization measurements is 
Q _ 
0.5 
50 100 
MAGNETIC FIELD TkOe! 
T 
150 
NdAI2 
TsAOK 
-L 0.5 
50 100 
MAGNETIC FIELD (kOei 
150 
T=50K 
± 
50 100 150 0 50 100 
MAGNETIC FIELD (kO#l MAGNETIC FIELD fkOel 
Fig. 7a-d. The magnetization as a function of the external mag-
netic field for NdAl2 in the three main symmetry directions. The 
observed and theoretical moments are the components along the 
applied magnetic field. The full curve was calculated with the 
parameters given in the text. The measured points have been aug-
mented by 8% to normalize to the calculated spontaneous moment at 
•» K. 
150 
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2.4 u Q 3 5 ) which is a little lower than the value 2.53 determined 
B by neutron diffraction. Tc facilitate the detailed comparison with 
experiment, and to avoid confusing the drawing* we have nor-
malized the experimental points to agree with the theoretical zero 
field magnetization at 4 K. This involves an enhancement of the 
observed points by 8% and brings the magnetization data in better 
agreement with the neutron diffraction moment. The normalized 
experimental points are seen to be in detailed agreement with 
theory. The kinks on the theoretical magnetization curves indicate 
the critical magnetic fields where the magnetization vector is 
aligned along the field. For NdAl? this alignment involves a se-
cond-order transition. At 4.2 K the kink occurs at 100 kOe. The 
8% discrepancy is certainly within what could be expected from a 
mean-field theory without any fitting parameters, further it is 
well within the uncertainties associated with the determination 
of the crystal field parameters and the mean-field constant from 
the exciton experiment. The measurements thus support the crystal 
field parameters derived in 3.1.»the detailed behaviour cf the 
magnetization being strongly dependent on the crystal field par-
ameters. The present data give no justification for changing the 
simple crystal field model of NdAl~ by introducing additional ef-
fects, such as anisotropic exchange interactions or magnetoelastic 
effects. It is rather surprising that these effects are not mani-
fested in the magnetization curves. 
4.3. PrAl^, - a Non-magnetic-Doublet Ground State System 
The crystal field parameters and the exchange constant were 
determined by fitting to the magnetization curves at 4.2 K (figure 
10) and the temperature dependence of the spontaneous magnetization 
33) 
curve (figure 8). We find 
Bu = -4.4 x io~3 m e V Bg = -8.8 x io"5 meV 
A = 161.5 kOe/un 
The energies and the wave functions of the crystal field levels 
are given in the diagram in figure 20. We note that the ground 
state of the Stark-splitted J-multiplet is an orbital degenerate 
T3 doublet. The peculiar feature of this doublet is that its 
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degeneracy cannot be removed by a magnetic field, i.e T. i 5 a 
non-magnetic orbital doublet. PrAlj is - as far as we know - the 
first compound for which the ground state has been shown to be a 
degenerate, but non-magnetic, state. In such a system, ordering 
takes place via the admixing of excited states into the ground 
state, provided the exchange interaction exceeds a certain threshold 
value. This is in analogy with the "bootstrap" process occurring 
36 ) in singlet ground state systems . However, the ground state is 
37 38) 
not a singlet state as assumed by Wallace et al. * . The criti-
cal value of A is the value for which the susceptibility approaches 
infinity at T = 0^ * c ri* *s thus identical to the single-ion sus-
ceptibility at T = 0. Using eq. (4.17) together with (3.4) we find 
Xcrit. ' 1 0 5- 6 k 0 e /"B 
The actual exchange constant exceeds the critical value by a factor 
1.5; hence the system is only slightly overcritical. In fig. 8 the 
full line is the calculated magnetic moment in the easy direction 
in zero magnetic field as a function of temperature. For comparison 
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Fig. 8. Spontaneous Magnetic nomnt of PrAl, «s « function of 
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tesperature. Points: experiment . Curves: theory. The parameters 
B^ « -** K IO"1* meV, B6 » -88 * 10"6 »eV, and » * 161.5 JcOe/|»B 
were used. The broken l ine i s the Bri l louin curve for J ' ». 
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we give the Brillouin curve for J = u normalized to the measured 
zero temperature moment of 2.88 yg (broken line). The quenching 
of the free ion moment 3.2 yg can thus be completely understood 
as a crystal field effect. The theoretical magnetization curves 
for all measured temperatures are given in figs. 10a-10e. The 
corresponding field dependence of the magnetization vector at 
30 K is shown in figure 9. In view of the simplicity of the theor-
etical model (molecular field theory, magnetostriction and eventual 
anisotropic exchange have been neglected), we find excellent agree-
ment between theory and experiment. In particular we note (figure 
lOe) that the calculated magnetic moment in the <111> direction 
exhibits a small jump at 30 K which is indicated experimentally 
only 2 K lower for the same magnetic field (figure lOd). The jump 
indicates that the alignment of the magnetic moment along the mag-
netic field involves a first order transition (figure 9b). 
Zé <100> 
<no> 
z l <ioo> b) 
Fig. 9. The t heo re t i c a l magnetization vector for PrAl, at 30 K 
as a function of magnetic f i e ld in high symmetry d i r e c t i o n s . 
a) Hg in the <110> d i r ec t ion . The fi vectors are ca lcu la ted for 
He =• 0, 18. 63, li*3, 280 kCe. b) Hfi in the <1U> d i r ec t ion 
H
e - °» 13, 55, 97, 112 kOe. The magnetic moments are given in 
Bohr magnetons. 
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MAGNETIC FIELD [kOe] MAGNETIC FIELD [kO*] 
Fig. lOa-e. Magnetization in symmetry d i rec t ions in PrAl2 for 
various temperatures as a function of magnetic f i e l d . Full l i n e s : 
33) 
theory . Poin ts : experiment 
4.4. TbAl2 - a Singlet-triplet System 
The calculations on TbAl~ were performed in exactly the same 
way as for PrAl9. According to the opposite signs of the Stevens y 
39 j and 3-factors (see eq. (5.1.) in TbAl2 and PrAl2, <111> is the 
easy and <100> the hard direction of magnetization. The parameters 
_4 
B = 3.0 x 10 meV B- = 0.25 x 10"
6
 meV 6 
X = 47.5 k0e/pB 
11 44 33) 
give the best fit to experiments * * . These parameters are 
somewhat smaller than the parameters used to describe the exciton 
experiment. This can be due to the simplifications used in the 
interpretation of the magnon exciton interaction in TbAl«. The 
two lowest crystal field states are a r, singlet ground state and 
a T excited triplet state, separated by 6.2 K = 0.53 meV (figure 
40) 
21). Investigations of the superconductivity in Tb Y,
 VA1 9 re-
quire a non magnetic ground state and a first excited state at 
.4 meV. This is in agreement with the level scheme derived here 
- 35 -
though the authors attribute other signs tc B. and B„ . Due to the 
41) ° 
work of J.R. Cooper the level scheme of Tb in LaAl. should 
consist of a non-magnetic ground state, T-, and a magnetic first 
excited state, T^* with 5 K level separation. This is incompatible 
with the present analysis. Measurements of the Schottky anomaly 
42 ) in the specific heat yield an energy splitting of 6 K . From 43) 
measurements of the thermopower anomalv a splitting of 7 i 1 K 
was found. 
TEMPERATURE [ * ] 
Fig. 11. Spontaneous magnetic moment of TbAl_. The points were 
UL) * 
measured by Purwins et al. . For the theoretical curves the 
parameters B^ = 3.0* * 10"" meV, Bg - 0.25 * 10"6 meV and X -
•»7.5 kOe/uB were used. 
Figure 11 shows the spontaneous magnetization versus tempera-
ture. In figures 12a-g we compare the calculated magnetization 
curves with experiment. Again we find detailed agreement. The 
critical value of X for magnetic ordering is 
lcrit.= 1-5 k°e/» B 
The ratio between the actual and the critical values of X is 32. 
The crystal field is thus not strong enough to produce consider-
able deviations from a Brillouin curve with J = 6 and a magnetic 
moment of 9 p„ at zero temperature. 
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4.5. ErAl. 
A similar analysis of ErAl, gives the parameters 
1.0 * 10~H ir.eV, 
-6 5, = -1.5 * 10 meV 
3) - • „-„„i rr^crr>a*-i T at i c^ curves are shown 
The experimental anc t n e o r e t . c a . mag..e. i«atio. . 
in f i g . 13 . The c r y s t a l f i e l d lowers the spontaneous magnetic 
moment a t 0 K from the free ion value 9 uE t o about 7.7 v How-
e v e r , neutron d i f f r a c t i o n measurements y i e ld a magnetic moment of 
8 .3 y 5) B 
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3) 
4.6. Heat Capacity of NdAl2 and PrAl,, 
In contrast to the very extensive work on the magnetic behav-
iour of the REA12 compounds, comparatively little work has been 
done on their heat capacities and associated thermodynamic charac-
9 ) 
teristics. The work of Deenadas et al. seems to be the only 
study of the compounds which we are considering. 
The molar magnetic heat capacity Cp - within the single-ion 
picture - is given by the formula 
C d<^: 
R = -dT-
ZE. , i. 
, . i exp(-rw) d i r ki 
dT r . I 'J i 
i exP(~]7f) 
(4.13) 
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where R is the gas constant. In the paramagnetic regime, where 
the energy levels are temperature independent, the differentiation 
can easily be carried out: 
* * = « 
Llx2 
kT )*> - < kT* (4.14) 
In the ferromagnetic case, where the single-ion energy levels E. 
are temperature dependent, C is calculated by differentiating 
through the effective field HWT,. 
c d<*x> 8<ar1> a<*i> d HMF 
R = "~d7T = "Tr~ + 
3<*L> 
"TT~ 
?H^-dT 
d<X> d E . . ,M 
. r 1 i AdM 
4 3 E . d H M r dT~" * 
1 1 Mr 
( 4 . 1 5 ) 
By carrying out the d i f f e r e n t i a t i o n s , we find t h a t the heat ca-
pacity i s 
C. 
? = <(KT)2> ' & + (kT )3 ( < M V - <M> < * L » 
(4.16) 
x x x ( i - xx" r 1 . 
o 
In the derivation of (4.16) it is strictly necessary that the non 
-operator term in (4.1) be included. The single-ion susceptibility 
parallel to the magnetization, x"» is given by the formula 
013 ___ 
xo ' kT 
c' 2 
1 nm l<n|M |m>l exP<'VkT) 
I exp(-E /kT) 
n n 
1 
kT 
lm <n|Ma|m> exp(-En/kT) 
I exp(-E /kT) 
n n 
+ 2 
i" |<m|Ma|n>|2 g I exp(-E /kT) 
mn m n 
I exp(-E /VT) 
n 
(4.17) 
_ » 
where k is Boltzmann's constant. The summation I is carried out 
only over states | m> and |n> with E n = E , whereas I includes all 
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Fig. 11. The heat capacity of NdAl,. Full curve: theory. Broken 
curve: experiment9*. The dotted curve is calculated with the 
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determined in the experiment. 
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other states. For NdAl„ we use the single-ion states derived in 
chapter 3 by analysing the exciton spectrum, and for PrAl-, we use 
the states obtained from the analysis of the magnetization curves 
in 4.3. The calculated curves are shown in figs. 14 and 15 together 
with the magnetic heat capacities measured by Deenadas et al. . 
The experimental curve was obtained by subtracting the heat ca-
pacity of the non-magnetic isostructural compound LaAi„ from the 
measured heat capacities to eliminate the vibrational and elec-
tronic contributions, which can be assumed to be the same for all 
the compounds. The Curie temperature 7 7.2 K of NdAl„ determined 
by the jump in the experimental heat capacity (the X-point) dif-
fers significantly from the Curie temperature 6 5 K ± 2 K deter-
mined by neutron diffraction , which was used in the analysis in 
chapter 3 to determine the mean-field constant. When the mean-field 
parameter X is readjusted to reproduce the Curie temperature 
kOe 
77.2 K (X = 283 —-—) the agreement with experiment is very satis-
factory. The qualitative features of the heat capacities of the 
two compounds are very similar. The heat capacity shows a X-anomaly 
associated with the disappearance of the ordered phase followed 
by a Schottky-type anomaly at higher temperatures brought about 
by thermal excitations of the ions into excited states. The two 
anomalies overlap substantiallyj the maximum in the heat capacity 
associated with the Schottky anomaly is suppressed by the onset of 
magnetic ordering. Only the high temperature tail is observed. 
The mixing of the anomalies originates from the fact that crystal 
field and exchange energies are comparable. The accuracy of the 
calculated C is rather surprising^ the present mean-field calcu-
lation neglects both the critical phenomena around the X-point 
and the specific heat associated with the magnetic excitons at 
low temperatures. 
5. DISCUSSION 
In the preceding chapters it was shown that both the bulk 
magnetic properties and the microscopic magnetic excitations in 
the REA12 compounds can be understood using a Hair.iltonian contain-
ing only 2 temperature- and field-independent crystal field par-
ameters and an isotropic exchange interaction between the FE 
ions. With the two crystal field parameters and one effective 
mean-field constant ieter.~ir.ed frem l\> it was possible to obtain 
an excellent description, of the rr.agr.etization including the quench-
ing of the magnetic moment and the ar.isctrcpy of the magnetization 
throughout the ordered temperature range. V.'e emphasize that it was 
not necessary to introduce any terr.perature-deper.dent, phenomeno-
logical anisotropy parameters. The magnetic anisctropy is thus 
primarily a ccnsequer.ee of the effective crystal field perturbing 
the ground state J-mar.yfcld of the magnetic ions. The effects of 
magnetostriction and anisotropic exchange interaction seem to be 
small in view of the success of the simplified model. 
In this chapter we shall discuss and compare the crystal 
field parameters and the exchange interaction fcr the various 
compounds. It will be stown that the crystal field parameters 
shew a systematic behaviour ever the whole series. 
5.1. Comparison of Crystal Field Parameters 
Provided that the effective crystal field criginates from 
the Coulomb interaction between the single -f electrons and a charge 
distribution cutside the ^f shell, the crystal field parameters 
45) 
can be written in the form 
Bu = Au <rS p a"5, 
(5.1) 
Bp = A. <rfc> Y a" ' , 
where a is the lattice parameter, ? and y are the Stevens fac-
3Q) 
tors " , and <r*> represents free ion matrix elements. This is 
the so-called "point charge model", although the real charge distri-
bution need not consist of point charges on the surrounding ions. 
As the different compounds differ only with respect to the well 
-localized Uf-electrons, wh.ch probably do not influence the sur-
roundings significantly, it seems likely that the reduced crystal 
field parameters A^ and Ag are the same for the whole isostruc-
tural Al2 series. Tc test this hypothesis, we calculate A and 
A6 using Bu and Eg values derived in this work together with re-
liable values of other authors (table 2). Fcr <rn> we used non 
-relativist i c values'''. There may be an error of the order of 
20% due tc relativistic effects. The uncertainty on the crystal 
field parameters is generally cf the same order of magnitude. 
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The resulting values of A^ and Ag are plotted in figs. 16 and 17. 
The points represent 9 independent measurements. The correlation 
between the values for the different compounds is indeed remark-
able. Only the Afi parameter for TbAl? seems tc be a little too 
small; however, the magnetization curves are only slightly depen-
dent on the Ac parameters due to the small reduced matrix element 
3? y for the Tb ion, so that a large uncertainty must be attributed 
to this parameter. Thus the simple "point charge model" is valid 
for the REAl^ compounds to a good approximation. However, we have 
not tried to assign specific point charges to the surrounding ions. 
This is in striking disagreement with the results for the diluted 
rare earth metals obtained by Høg and Touborg0 ', not even the 
signs were consistent with the point charge model. On the other 
hand, the simple model seems to account satisfactorily for the 
57) 
rare-earth group V compounds . At present no explanation has 
been given for the fundamental difference in the nature of the 
effective crystal field of the diluted rare earth elements com-
pared with the above-mentioned compounds. 
Energy mV 
. ( 2 ) 5 - . 
8 
.(1) 0 -
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•10 
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- 0 . 9 3 8 | * T > - 0 . 0 2 6 | i } > •0.3«»5|t |> 
0 . 6 1 2 | * | > •0.76H|*J> • 0 . 2 0 * | * j > 
Fig. 18. Crystal field level« of MdAl2 
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Fig . 19. Molecular f i e l d l e v e l s of NdAl2 at 5 K 
The REA1? system offers us three fundamentally different 
crystal-field-only level schemes (figs. 18, 20, 21). Besides 
influencing the magnetic properties, the crystal field levels 
play a crucial role in determining superconducting and transport 
C O } 
properties cf diluted magnetic systems , the conduction elec-
tron scattering on the PE-ions being strongly dependent on the 
crystal field wavefunctions .The non-rragnet ic compound LaAl9 is 
41) l 
superconducting below 3.3 K . As the crystal field model seems 
to be valid also for RE L a ^ ^ v A L systems, tne cryctal field 
effects on the superconducting properties of such diluted systems 
can be calculated using the level scheme derived in this work. A 
systematic study of PE-ions substituted in LaAl compounds i<z 
des irable. 
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Tig . 20. Crysta l f i e l d l e v e l s of PrAl , 
Besides the experiments quoted here, there are indeed EPR 
measurements on Dy Y. A l 0 , Ho Y, A l 0 and Tm Y, A l 0 5 1 ) which 
•^ x 1-x 2' x 1-x 2 x 1-x 2 
are interpreted in terms of CEF parameters where at least one of 
the parameters B. and Bg have reversed sign (see also section 
4.4.). However, later measurements demonstrate that the EPR results 
are almost incompatible with the Schottky specific heat, at least 
49) in the case of Tm Y, Al 0 . A re-examination of J.R. Cooper's 
x i-x i j-» 
susceptibility measurements on Tm La, Al„ allows for the par-J
 x 1-x 2 r 
ameters deduced from table 2 as well as for the parameters actu-
c c) 
ally used. H.W. de Wijn et al." have explained an abnormal tem-
perature dependence of the paramagnetic Knight shift in SmAl« as 
a crystal field effect including excited J-levels. The spin orbit 
E n e r g y 
3 2 - 1 
( 2 ) 
S 
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0 -
•1 -
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-0 .0«*8 | -6 > • 0 . 7 0 5 | - 2 > - 0 . 7 0 S | 2> • 0 .0>»8|6> 
C . 6 8 5 | * 3 > - 0 . 4 3 3 i * l > • 0 . 5 8 6 | * S > 
0 .707 | -»«> - 0 . 7 0 7 j i»> 
C . 6611 -*•> - 0 . 3 S u | 0> • 0 . 6 6 1 J *•> 
F i g . 2 1 . C r y s t a l f i e l d l e v e l s o f T b A l j 
splitting is smaller for Sm compounds than for the other RE corn-
ids. However, assuming that the scaling law (5.1.) is valid pounc 
parameters used in the analysis 
cf de Wi-.n are more than an order of magnitude too large. 
also foi SmAi2, the crystal fie! 
5.2. Comparison of Exchange Parameters 
Besides the crystal field parameters, the analysis yielded 
detailed information about the exchange interaction in NdAl«. The 
similarity of the Fourier-transformed exchange constants ||(q) and 
Jf(q) for NdAl2 and TbAl2 (fig. 2) implies that the interactions 
are of the same nature in the two compounds. By Fourier transform-
ing }(q) and }'(q) it has been shown20) that for TbAl9 the exchange 
- i+9 -
interaction is of long range and oscillatory, with the dominant 
contribution from the interaction between nearest neighbour Tb 
ions. The present analysis on NdAl„ shows that the exchange has 
a similar RKKY-like behaviour in r space as anticipated in the 
introduction. However, it must be stressed that the exchange 
interaction does not scale with the de Gennes factor (g-1) , indi-
cating that orbital effects in the two-ion interactions are im-
2 6 ) portant, as already pointed out by Levy from an analysis of 
the Curie temperatures. 
5.3. Conclusion 
The magnetic properties of the REA1? compounds - including 
the magnetic excitons in NcAl^ and the magnon-exciton interaction 
in TbAl„ - can be understood using only two crystal field par-
ameters (which are neither dependent on temperature, nor on the 
particular rare earth ion involved), and an isotropic RKKY-like 
exchange interaction. It seems justified to state that the mag-
netic properties of the REA1» series are now better understood 
than the properties of any other rare earth isostructural family. 
The REA1- compounds can serve as a model system for an investi-
gation of the magnetism of rare earth intermetallic compounds. 
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APPENDIX A 
Green's Function Theory of Magnetic Excitations ir. 
Systems with Arbitrary Crystal Field Levels 
In this appendix a method will be presented for the study of 
collective excitations in a lattice of identical magnetic ions 
with discrete energy levels. The excitation spectrum will be cal-
culated directly by considering the equations of motion of oper-
ators creating transitions between single-ion states. Using the 
double-time Green's function technique, the equations of motion 
will be developed in the random-phase-approximation (RPA). This 
theory gives a clear picture of the physical nature of the mag-
netic excitations in contrast to previous theories working in 
tjo c q \ 
artificial pseudo-spin spaces'" ' . In order to utilize familiar 
angular momentum operators, one sacrifices simplicity and must 
deal with a complicated Hamiltonian. The present theory can be 
extended to systems with any two-ion interactions, both in the 
paramagnetic and in the ordered phases without introducing essen-
tial complications. 
A.l. Green's Function Theory for Magnetic Excitations in a Bravais 
Lattice 
We consider the Hamiltonian 
3C = l V . - V >(r.-r.) J.-J. (A.l) 
i C 1 lj ] X 3 
V . is the crystal field Hamiltonian working on the ion at site i. 
This term, which may conveniently be expressed as a linear combi-
13) 
nation of Steven's operators , gives rise to the crystal-field 
level splitting of the ground state J-multiplet of a rare earth 
ion. Furthermore, this term may include a Zeeman term from an ex-
ternal magnetic field. / (r.-r.) is the exchange integral between 
the ions i and j. In the ordered phase, the Hamiltonian is separ-
ated into a two-ion term and a single-ion term in the following 
way 
X ,X
 +tf + N }(0) <JZ>2 (A.2) 
o 1 w 
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% = I V . - 2 if CO) <J2> I Jf , <A.3> 
*• .ci * y i l l 
•J 
T. = 3. -<J> e . (A.5) 
Ji i z 
fc0 is the molecular field Hamiltonian and * 1 is the interacting 
part of the Hamiltonian giving rise to dispersion of collective ex 
citations. The statistical average <JZ> must be calculated self 
-consistently, e is a unit vector in the magnetization direction 
and/(q) is the Fourier transform of the exchange interaction. 
The eigenstates of the single-ion Hamiltonian Jt are denoted |n>^ 
with energies E . To proceed further we transform the total Harail-
tonian into a representation where the single-ion term is diag-
onal, that is to say we project any operator 0 onto the single 
-ion states |n> 
0. = J <n|0.|m>(jn><m|). . (A.6) i *• ' i' ' ' i 
mn 
The operators (|n><m|)., which create transitions between the 
single ion states |m>. and !n>., are denoted a1^. The operators 
£ 1 ' 1 PiITl 
*6n = *lo><n|>£ and anQ = (|n><o|)^, where |o> is the ground 
state, correspond to Grover's pseudo-Bose operators b and b + ^'. 
n n 
In a singlet-singlet system these operators are identical to the 
pseudo-spin operators introduced by Wang and Cooper . 
We obtain: 
#-= I E a1 -T J 1 (r.-r.)ai x aj, , 
in " "" 13 mn 
m'n1 (A.7) 
x I < m | j a | n > < m , | j ° t | n ' > 
a 
a denotes the cartesian coordinates. This transformation is, of 
course, exact. Now we set up the equations of motion of the ex-
citon-generating operators a using the simple relation 
apr ap'r' * <IP><H)i(|p'xr'|)j • •pP.«ij«rp, • <A.8) 
The equations turn out to be (we choose units so that n = 1 ) : 
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i å p r 5 K r > * l * <VVapr 
•
2l... I . / ( W a i n *p»' I <m|J° |n><r | j° |» '> (A.9) 
x *i mnm * a 
*
2l,. I . > < W 4n 4'r I <»h0|n><»M5a|p> 
x wx mnm a 
[,] denotes the commutator. 
To obtain the excitation spectrum at finite temperatures, it 
is convenient to introduce the retarded double-time dependent 
Green * s funct ions 
Gpr,p»r'(t) = < < apr ( t ) ; 4'r'(o)>> 
(A.10) 
= -ie(t)<[a^r(t), a3,rf(o)]> 
53) 
as defined by Zubarev . 6(t) is the unit step function. The 
equations of motion of the Green's functions are evaluated using 
(A.9) 
(i3t " W Gpr,pT' ( t ) ' «(t><tapr' a P T ' > 
!>> 
~
2
 I I ? (^«- ? 1- ) < < a™n ( t ) *««•<*>"» a*. ,<o>: W i mnm' x x mn Pm P r 
x I <m|j 0 !n><r | j a |m»> (A. l l ) 
a 
+ 2
 ?.« L . <f<?i,-?i)<<ain<t) a»T(t)> a j . r . ( o ) > > 
1 7 1 mnm r 
x I <m|ja|n><m'|ja!p> . 
a 
For the higher order Green's functions involving operators on 
three different sites we apply the simplest random phase (RPA) 
decoupling. 
RPA: «a*r(t) a*!rl<t>; a^r„(o)» 
« <apr>«ap,,r,(t); a^r„(o)» (A.12) 
4 < ap» r' > < < apr C t ) ; ap«r"(o)>>' 
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The thermal averages <a > must in principle be determined in a 
self-consistent way. However, to facilitate the calculations we 
insert the molecular-field averages calculated from the single 
-ion Hamiltonian X,: 
<a > = <a >6 = n 6 _ (A.13) 
pr pp pr p pr 
H is the occupation number of level p. According to (A.5) we have 
Y <a ><m|ja|m> = <ja> = 0 . (A.l"»> 
** mm 
m 
The equations turn out to be 
"If" W Gpr,pV(t) 
•2 I I }ir,,-r Un -nJl<m\3a\n><v\ia\7» GJ^ . ,<t>(A.15> 
i* mn v a 
= «<t) 6it (n p -n r ) « p r , 4 r p . . 
Because of time and translational invariance in a simple Bravais 
lattice, we can Fourier transform our Green's functions with re-
spect to time and space: 
(A.16) 
/(q) - Tf(r.-r.) exp(-iq*(r,-r.)). *A.17) 
The doubly Fourier-transformed equations of motion are/" 
pr,p r n r p 
-J G <q,w)(n -n > * 2 }(q) I <m|ja|n><r|j°|p> (A.18) 
mn mn,p'r' P r
 a 
'' -XT (n -n ) 6 .6 . 2w p r pr' rp' 
This is a linear system of equations of order D2, where D is the 
degeneracy of the ground state J-multiplet. The frequencies of 
the excitations are the poles of the Green's functions, which are 
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identical to the roots of the determinant of the system of equations 
for fixed values of p' and r'. The roots of the diagonal elements 
of the characteristic matrix 
udiag.(5> = W "VViMq) I !<rlj°V|2 
are the so-called non-interacting excitation frequencies. For a 
simple ferromagnet this term yields the low-temperature spinwave 
theory, if |r> and |p> are chosen as the two lower states. The 
off-diagonal elements due to two-ion interactions give rise to 
perturbations of the non-interacting energies. According to gen-
eral perturbation theory, the energyshifts are largest, when the 
corresponding diagonal coefficients approach each other. This 
effect can thus be described as a resonance (or interaction) 
between two exciton modes. 
The determinant is independent of pf and r', such that the 
excitation frequences are unequivocally determined. The corre-
lation functions <a . .a_ > involving two a-operators can be 
p r pr q ° F 
calculated from the residues of the poles o: of the Green's func-
-• P 
tions G
 f ,(q,u)) by a simple algorithm (Zubarev): 
<a , .a > = 2w / Res(G , ,(q,w)> *
 6\ * (A.19) 
p'r' pr q f- pr,p'r' M' expCw B)-l 
8 = *--r, where k is Boltzmann's constant. Any two-ion operator is 
easily expressible in terms of the a-operators, so that the for-
malism allows us to calculate any two-ion correlation function 
by Fourier transforming equations of the form (A.19). 
However, the calculation of single-ion averages <apr>» which 
according to (A.12) are necessary to carry out a fully self-con-
sistent RPA calculation and avoid insertion of molecular-field 
averages, suffers severely from the fact that there is no unique 
way to express these averages in terms of the Green's functions. 
In principle <a > can be written as any of the averages <apia£r> 
which may be determined from (A. 19), without any restrictions on 
i. At low temperatures we suggest the relation 
<a~«> = <a««a^> = tr T <a~«a«~>„ • (A.20) 
pp po op N *- po op q 
This choice makes the contribution from the excitations to the 
low temperature magnetization identical to the magnetization ob-
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tained from Grover's theory, or a low temperature spinwave theory 
The complex frequency dependent susceptibility can be ex-
pressed by the Green's functions: 
Cae<q,u>) = 2* i F.T.e(t)<[J?(t), J.8<0)]> 
3 
= 2* i r.T.e(t) I <[«ir(t>» ap'r'(0>1> 
pr 
p«r' (A.21) 
x 
a 
I <p|Jajr><p'|J$|r'> 
= -2w I G . ,Cq» I <p|Ja|r><p'|J6|r'> . 
pr 
p'r' 
pr.P'r'
 a 
F.T. denotes the Fourier transformation with respect to time and 
lattice as defined by (A.16). By insertion in (A.18) we obtain 
XaB<q.«) = X? U ) • 2>(q) I X^ XYB(q.-> 
Y 
or 
X(q,w) = XQ(w) • 2 jf-(q) X0<w)'X <q,w) (A .22 ) 
where 
<p|J°|r><r|J8 |p>(n -n ) 
x f c . ) = I
 r ^ r ^ » - £ - (A.23) 
pr r p 
X is the single-ion susceptibility tensor. Equation (A.22) is 
the usual molecular-field equation to determine the complex sus-
ceptibility. The excitations found from (A.18) are thus in agree-
ment with the excitations calculated by the method of Peschel et 
. i . 2 7 ) . 
For a neutron scattering experiment it is important to know 
the strength of the different lines. The cross section can be 
25) 
expressed as the imaginary part of the dynamic susceptibility 
using the fluctuation-dissipation theorem 
3OT (5.»> * l-.xp(-M l <«aB-q°qB)Imxa6(q,»). (A.2H) 
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A. 2. Excitations in Systems with Two Magnetic Ions per Unit Cell 
In the REA12 compounds there are two magnetic ions per unit 
cell, situated at two interpenetrating cubic face centered lat-
tices (fig. 1). To calculate the excitation spectrum, we insert 
the following Fourier transforms in (A.15): 
00 
V . P , r , ( * , W > = 7i I |Gpr,p'r'(t)exP(i5 * <?.-?.)• i»t)dt 
J_oo 
foo Gpr',p>r'(t)exP(iS-(VV + iut)dt 
—00 
J(q) = lj<r.-r.)exp(-iq-(r.-r.) (A.25) 
AV 1 J J- J 
|*(q) - Z J'r.-r.t)exp(-iq«(r.-r.,) 
where i and j are situated at the same sub-lattice and i and j • at 
opposite sub-lattices. For 2(q) and jf'(q) the following symmetry 
relations hold: 
?(q) = ?C-q), ?f(q) = 7'C-q) = I V Cq) I exp i + (A.26) 
The equations of the Green's functions become 
G
^ „t^tCq.uXE -E -w) (A.27) 
pr,p r n ' r p 
-
 l
 2 < * « > 6 m , p . P . < q . - > • ?<$> 6' , r , < q , . . » 
mn 
x(n -n )E <m|ja |n><r!ja |p> P r
 a 
2ir P r P r P r 
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< W r « ( « ' " ) ( V V " ) (A'28> 
x (n -n U< m|j a |n><r | j a |p> 
P r a 
= 0. 
S 
Instead of the Green's functions G -i-iCqtw) and G' ,
 t(q,w) 
pr,p r P M P ' 
we introduce the linear combinations 
Gjpsp.r.Cq.«> = Sr.p'r'^'^ + G^rjp,r,(q,o))exp(i<D) 
(A.29) 
G
«E\^»<q» w ) = G ™ nt^ifq.w) - G» .^  ,<q,w)exp(i$). pr,p r "^ pr,p r n* pr,p r ^' r 
The equations for the new Green's functions are 
ac 
6p£p'r'(S»w)(VVw) (A'30) 
ac 
"
 Z
 C!p'r' (^ a , ) (V nr ) x 2 (? (5 ) ±l? , (q>l^ < ml3 a|n><r| ja|p> 
m n f f f
 a 
— (n -n )6 , 6 , 
2TT p r p'r pr' 
In this way we have separated the excitations into acoustic 
and optical modes determined by jf(q) + | >'<q) | and /<q)-|>' (q) | 
respectively. The equations which determine the energies when 
there are two magnetic ions per unit cell are thus identical to 
the equations for one magnetic ion per unit cell, provided the 
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proper combination of J(q) and jM (q) is inserted instead of J(q). 
25) Following Marshall and Lovesey the neutron scattering 
cross-section is proportional to the imaginary part of the su-
sceptibility "x (<>u)) defined by 
7 a B J,co) = 2x°B(£>u)) • X,aB<K,to) * X,aB<-K>u>) (A.31) 
X («c,a>) is the Fourier-transformed susceptibility within one 
ft ft •+• 
sub-lattice and x' (*><*>) is the Fourier-transformed susceptibility 
between the two lattices. When K is outside the first Brillouin 
zone we have 
K = q + x (A.32) 
X,0tB(ic,w) =x,aB(q,w)exp( ip -T) (A.33) 
X°B(ie,tt>) =X°B(q»w) (A.3H) 
where q is in the first Brillouin zone and p is the vector joining 
an ion in one sublattice to its nearest neighbour in the other 
subiattice. T is the corresponding reciprocal lattice vector. 
In analogy with (A.29) we introduce the susceptibilities 
ac 
X
aB
»
0pt<q,u>) « XaBCq,w) ± X,aB(q,<*>>exp(i$) (A.35) 
ac 
= -2w i G ^ * .„ .<q>u)<p|J a | r><p' | j B | r> 
pr,p'r» W * 
ac 
Hence the susceptibilities xaB,°pt<<!><*>> can be calculated by 
equations similar to (A.22). 
- $2 -
Frem equations (A. 31) - (A.33) we get: 
XaB(<>W) =xac,oB(a>Xl*cos*') <A.3$) 
+xopt.aB(^tt)(1_cos4t) 
COS $* = COS($+T *p) (A.37) 
The resulting formula for the cross section is 
S!°
 (Jftt) m i Y (6ae- <a £S> (A.38) 
dQdw l-exp(-8u))4-
x Im ^ •^(q.wXl^cos*') + x0pt,aB(q»«)<l-cos*»)l 
The neutron cross-section can thus be expressed by equations 
identical to equation (A.2U) if the magnetic structure factor 
(l±cos$') is taken into account. 
This factor is responsible for the vanishing of the neutron 
cross section in certain high-symmetry directions in NdAl? and 
TbAlj. It is because of this factor that we are able to distinguish 
between optical and acoustic branches in the experimental neutron 
scattering spectrum. 
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